Abstract. For suitable rings of integers R, we show that the mod p group cohomology for GL n+3p−5 (R) comes from GL ∞ (R) when restricted to the diagonal matrices D n (R) for all ranks n ≥ 2.
Introduction
For a prime p and a primitive p-th root of unity ζ p , the mod p group cohomology of invertible n × n matrices GL n over R = Z[ 1 p , ζ p ] for n = 1, 2, ..., ∞ plays a central role in the algebraic K-theory of integers being one of the interfaces for Quillen-Lichtenbaum conjectures [5] (compare also [11] ).
A somewhat surprising result [2] about this cohomology for p regular is the fact that its image on diagonal matrices D n inside GL n agrees with the one predicted by the above-mentioned conjectures as soon as a distinguished finite set of mod p homology classes vanish in H * GL 2 . The notation H * stands for the mod p group homology functor. These classes were called "étale obstruction classes" due to the fact that they measure the difference between the classifying space of GL n and itś etale model in a sense made precise by the Theorem 2. 4 .
In this note we show that if theseétale obstruction classes vanish only in the stable range, then the mod p group cohomology for GL n+3p−5 can be calculated when restricted to the diagonal matrices D n instead of D n+3p−5 . Although this result is known in the stable range [10] and it is weaker than similar results [1, 9] for p = 2 and p = 3, it has the advantage that it holds in the unstable range for any regular prime p ≥ 5, a case previously unknown. Whether theétale obstruction classes are vanishing already in H * GL 2 or not for p ≥ 5, it seems to be a difficult computational question which remains unsolved.
In more detail, by using Dirichlet's Unit Theorem and standard group cohomology calculations for p odd, we have
where H * denotes the mod p group cohomology functor and Λ the exterior algebra over the finite field F p of order p. The generators have the cohomological degrees given by |x j | = 2 and |y i,j | = 1 for all j = 1, 2, ..., n and i = 0, 1, 2, ..., for all n ≥ 2.
The idea for proving Theorem 1.1 is to use the case n = ∞ to show that theétale obstruction classes vanish in the stable range and to slightly modify our theorem, stating that the image of the restriction map is computable if these classes vanish. Theétale obstruction classes will be defined and studied in section 2 and the proof of the theorem will be given in section 3. Notation 1.2. For the rest of the paper we assume that p is an odd regular prime if not otherwise stated. Let H * (resp. H * ) be the mod p cohomology (resp. homology) functor on groups or spaces and let SL n be the subgroup of matrices of determinant 1 in GL n for n = 1, 2, ..., ∞.
2.Étale obstruction classes
we see that an additive basis for H * D 1 is given by the monomials
where I runs over all the sequences of non-negative integers with i ∈ {0, 1} for i = 0, 1, 2, ..., r. Let (u I ) be the basis of H * D 1 dual to the basis (x I ) in H * D 1 . In what follows we tacitly assume that x is a Bockstein class. Definition 2.1. We call u I ∈ H * D 1 with I as in (2.1) anétale obstruction class if
is a positive integer. 
with the first two vertical maps induced by the tail inclusions
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The maps f 2 * and f n * are induced by the natural Dwyer-Friedlander maps .2) for all n = 1, 2, ..., ∞.
The kernel of the composition map H
be a group homomorphism and consider the diagram
where µ is the multiplication of a matrix by a scalar map. Now apply the mod p homology functor H * to this diagram and get
H * D 1 is a Pontryagin ring [3] with the identity element 1 ∈ H 0 D 1 ≈ F p corresponding to the identity element of the coefficient field. Then the last map in the above diagram gives H * D 2 a module structure over the Pontryagin ring H * D 1 :
Now recall that u I ∈ H * D 1 is the dual basis of the additive basis x I ∈ H * D 1 as in (2.1). Let z 1 ∈ H * D 1 be an arbitrary element and observe that the image of the element
Theorem 2.4. In the unstable range 2 ≤ n < ∞, the kernel of the composition map H
where u I ∈ H * D 1 runs over allétale obstruction classes and z i ∈ H * D 1 are arbitrary elements for i = 1, 2, ..., n.
The proof of this theorem is given in my previous paper [2] . If we specialize to n = 2 and z 1 = 1, then we deduce as a corollary of this theorem that 
Hence, Theorem Proof. The key observation is the fact that the homological degree of an element u I with a(I) a positive integer is bounded from above by 3 2 (p − 1) − 1 (coincidentally, this number is exactly one less the virtual cohomological dimension of SL 2 ). This is easily seen by inspection, where a(I) is given in Definition 2.1. By Van der Kallen stability theorem [8] ,
∞ by Corollary 2.5, then Theorem 2.6 now guarantees that tail * (t * (u I )) maps to zero in H * GL ∞ via maps induced by tail and canonical inclusions. Combining this fact with the previous observation the conclusion follows. 
Here • is the module structure product and · is the Pontryagin product in H * D 1 or H * D k from the context (compare (2.5)). The factor z in this summation is permuted cyclically due to the way the diagonal acts on primitives [7] , pp. 284-286. The proof is evident and hence, omitted.
